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Abstract—In this study, state and fault estimation problem are
addressed for two-dimensional linear time-varying systems,
which are described by Fornasini-Marchesini second model. For
the systems subject to fault and white noise, based on generalized
two-dimensional Kalman estimation theory, the system state and
fault are estimated simultaneously in the sense of unbiased
minimum variance. By transforming the existence condition of
estimator into the solvability of matrix equations, the desired
estimator gain matrices can be deduced. A numerical example is
given to demonstrate the effectiveness of the proposed method in
the end.
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time-varying systems, unbiased minimum variance.

1. INTRODUCTION

Systems that update from two independent dimensions are
called two-dimensional (2-D) systems [1-7]. 2-D systems are
wildly existed in many engineering fields and can be used to
solve many complex problems, such as the achievement of
multi-variable network [8], multidimensional digital filtering
and signal processing [9], image data processing [2] and batch
process control [10]. In practice, 2-D systems face
tremendous threat of fault and have the needs of reliability and
security, if fault occurs in sensor or actuator, the system
performance will be degraded. However, due to the
complexity of 2-D systems, the fault diagnosis and
fault-tolerant control researches about 2-D systems are rare,
leaving many open problems to be settled. Hence, we focus on
the fault estimation of 2-D systems in this paper to fulfil the
application requirement.

Observer/filter-based methods play significant role in
model based fault diagnosis and they can provide information
such as fault sizes and kinds. Therefore, there are important
industrial and theoretical applications in fault diagnosis
[11-14] and fault tolerant control [15, 16]. However, most of
these studies are focused on 1-D systems. Note that, some
studies about 2-D observers/filters have just appeared in the
literature. For example, in [17], 2-D filter is used to obtain the
fault detection results. In [18], based on 2-D generalized KYP
lemma, the design method of 2-D fault detection filter is given
by linear matrix inequality technique. As is well known, fault
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diagnosis has a close relationship with fault estimation and
state estimation. For example, based on 2-D singular system
theory, the state and the sensor fault are estimated
simultaneously in [3]. For 2-D systems with time-varying
delays and system perturbations, the state and fault estimation
are obtained by using 2-D robust control theory in [19].
Although there are many results about 2-D systems estimation,
compared with one dimensional (1-D) systems, the estimation
of 2-D systems is far from being well-investigated, especially
in the problem of simultaneous estimation of state and fault.

Time-varying systems [20, 21] are widely existed in
engineering practice, and most real-time systems have
time-varying system parameters [22]. However, due to the
complexity of mathematics and computation, comparing with
the rich results of time-invariant systems, the corresponding
studies on time-varying systems are still in initial stage and far
from satisfactory. There are a few preliminary results on the
estimation of 2-D time-varying systems. In [23], the minimum
variance state estimator is obtained by using 2-D generalized
Kalman filtering theory. Based on projection, the solution of
2-D Kalman filter for 2-D time-varying systems is given in
[24]. However, the effects of faults in state and measurement
are not considered in these results. Moreover, the calculation
process of their estimators is very complicated.

Motivated by aforementioned discussion, this paper
considers fault in state and measurement equation. In the sense
of unbiased minimum variance, for 2-D time-varying systems
with disturbance, we firstly design a new observer that can
simultaneously estimate state and fault. Furthermore, the
necessary and sufficient conditions for the existence of
unbiased estimator and unbiased minimum variance estimator
are derived.

mxn

Notation. Throughout this paper, X € R means that
X is an mxn real matrix; / and 0 indicate an identity

matrix and zero matrix, respectively; X is the
Moore-Penrose pseudo-inverse of matrix X ; Z[e] is the
mathematical expectation of variable of e .

Authorized licensed use limited to: The University of British Columbia Library. Downloaded on November 29,2021 at 20:12:23 UTC from IEEE Xplore. Restrictions apply.



II. PROBLEM FORMULATION

The 2-D time-varying systems with disturbances and faults
are given as follows:

(i+1j+1):

(l+1 j)
)

A (i, j+1)x(i, j+1)

x(l+1,j)

+D, (i, j+1)d (i, j+1)+ D, (i+1,/)d (i +1,/) 0
+F (67 +1) f (i + 1)+ F (i+1,7) f (i +1, )

( J)=C(6:7)x(6r7)+ Dy (i) v (i)
+F(i,7) f (i.])

where x(i, j)eR", y(i,j)eR”, u(i,j) € R" are the system
measurement output vector, and input

4,.7), C(ij), Dy(i.J), F(i.)),
(k = 1,2,3) are time-varying matrices with appropriate
d(i,j)eR’, v(i,j)eR" are the
disturbance and measurement disturbance, and they are zero
mean independent white noises which satisfy:

<{d(z},m} {d(iz,jz)D
V(il’j]) ’ V(iz’jz)

~

state vector,
vector. 4, (i, ),

dimensions. model

o 2
B R(ZI’JI)A(!}Jl),(fzvjz) 0
0 O JDAG i)
where (m,n)=E(mn") and
[ sori =i and j = ), 3
Geib2) ) () plge ®

As the fault description that given in 1-D systems [22] , the

dynamic characteristics of f(i+1,j+1) can be given as

follows:
S+ j+1)=A, (i, j+1) f (i, j+1) @
+A,, (i+1,)) f(i+1,))

where A4, (i,j)(k=1,2) are known matrices with

appropriate dimensions.

T
Define )?(i,j):[x(i,j)r f(i,j)r] and combine (1)
with (4), the augmented 2-D system can be obtained as
follows:

(l+1]+l) (l]+1) (lj+1)
+4, (l+l ]) (l+1])+D (l j+1)d(l j+l)
+D2(z+1])d(z+1])

v(07)=C (i) (i) + Dy (i) v (i /)

)

where
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Zl(i,j+1)={Al (i,0j+1) 21((’!!;11))} :
. (HL].){AZ(I-;LJ) i((i:l’i?)} |
131(1',J'+1)={D1 (i’ojﬂ)} .D, (”1’1){1)2 (i(;rl’j)} ’

Cle.j)=[C(iy) Fli.])]

In this study, for the augmented 2-D system (5), the
following estimator is considered:
X(i+1j+1)=z(i+1,/+1)
+J(i+1,j+1)y(i+1,j+1)
z(i+1,j+1)=G, (i, j+1)z(i, j+1) (6)
+G, (i+1,/)z(i+Lj)+H, (i, j+1) y(i,j+1)
+H, (i+1,j)y(i+1,j)

where x(i, j) € R"* is the estimation of X(i, j) , z(i, j) € R' is
the state of the estimation. Then, the fault and state estimation
problem can be transformed to find estimator gain matrices
GG, j+) , G,(G+1j), H(G,j+1) , H,(i+1l,j) , and
J(@+1,j+1) to meet the definition
minimum-variance estimation.

of unbiased

The definition of unbiased minimum-variance estimation
for the augmented 2-D system (5) can be presented as follows:
Definition 1. For the augmented 2-D system (5), x(i, j) is
the unbiased minimum-variance estimation of x(i, j), which
satisfies:

B{%(, /)-%(, /)}=0 (7
%(i, ) = argmin {trace (%(i, /) ~ 3(i, /), X, /)~ X, ) )}

®)

(7) means the estimation is unbiased and (8) means the
estimation has minimum variance.

III. MAIN RESULTS

In this section, the unbiased minimum-variance estimator
for augmented 2-D system will be obtained. In Theorem 1, the
unbiased estimation of state and fault will be obtained. Based
on the analysis of Theorem 1, minimum variance estimator
will be further given in Theorem 2.

Lemma 1. Consider the augmented 2-D system (5) and
assume that x(i, J)s x(i+1, j) are unbiased estimation of
x(i, j+1), x(i+L, j) . If and only if
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S(i+1,j+1)4,(i,j+1)-H, (i, j+1)C (i, j+1)
-G, (i,j+1)S(i,j+1)=0
S(i+1,j+1)A4,(i+1j)-H,(i+1/)C(i+1 )
-G, (i+1,7)S(i+1,/)=0

©)

holds, then, )Ac(i+1, j+1) is the unbiased estimation of
x(i+L, j+0).
Proof. Define estimation error e(i, j)=%(i,/)—X(i,/),
from (5) and (6), one can have
Ele(i+1,j+1)}=E{G,(i,j+1)e(i,j+1)
+G, (i+1, j)e(i+17)+S(i+1 j+1)D, (i,j+1)d (i,j+1)
+S(i+1,j+1)D, (i+1j)d (i+1,/)
—J(i+1,j+1)D; (i+1, j+1)v(i+1,j+1)
{S(i+1,j+l)21(i,j+1)—H1(i,j+1)C_,’(i,j+l):l_ o
o - ¥(i,j+1)
—Gl(l,j+1)S(l,j+1)
S(i+1j+1)4,(i+1,/)-H,(i+1/)C(i+1,/)
{—Gz (i+1,/)S(i+1,))
—H, (i, j+1) Dy (i, j+1)v(i, j+1)
+G, (i, j+1)J (i, j+1) Dy (i, j+1)v(i, j +1)
+G, (i+1,/)J (i+1,j) Dy (i+1,j)v(i+1,/)}

where

}?(Hl,j)

(10)

— _ _ 10
S(i,j)zI—J(i,j)C(i,j),I=L) J
Because

x(, j+1),

x(i, j+1), x(i+l, j) are unbiased estimation of
Ele(i,j+1)}= Ble(i+1,j)}=0,
d(i,j), v(i, j) are white noise, E{d (i,j)} = E{v(i,j)}:O.
Then, if and only if (9) holds, can get
E{e(i+1,j+l)}: 0. It means that Xx(i+l,j+1) is the

x(i+l, j),

one

unbiased estimation of x(i+1, j+1).

Define the matrices in (9) and estimator gain matrices as
follows:

E(i+1,j+1)=
~S(i,j+1) 0
0 =S(i+1,7)
~C(i, j+1) 0
0 —C(i+1,j)
~C(i+1j+1) 4 (i.j+1) ~C(i+Lj+1)4 (i+1.))
O(i+1,j+1)=[4 (i,j+1) ~A4(i+1))]
X(i+1,j+1) =[G j+1) G,(i+1.j)
H\G,j+1) H(i+1)) J(+Lj+D)]
5211

According to (9), the following matrix equation can be
obtained:
X(i+Lj+1)E(i+Lj+1)=@(i+Lj+1) (11
It can be rewritten as:
2@+ +1) X(i+1,j+1) =0(i+1,j+1)
To solve this matrix equation, If and only if:
T
S(i+1,7+1
rank( (i +1,j+1)") = rank (ll / ) (12)
<I)(l +1,j+ 1)
holds, the matrix equation (11) has solutions.

Next, we need to analysis the rank of Z(i+1,;+1)"

and [E(i+1,j+l)r <D(i+1,j+1)T}. (12) equals:

rank(E(i+l,j+1))zranl{g(i+1’j+l)} (13)

O(i+1,/+1)

According to some simple matrix transformation, one can
get:

rank(E(i+1,j+1))
-7 0
0 I I 0
=rank| -C (i, j+1) 0 :ranl{_o 7}
0 —C(i+1,)) -
0 0
On the other hand,
ik E(i+1,j+1)
O(i+1,/+1)
_ 7 0 _
0 -7
= rank _C(l’j+l) _ 0 =rank ! 0_
0 ~C(i+1,/) 0 -I
0 0
=4, (i, j+1) -4, (i+1,))]

Therefore, (12) holds, for augmented 2-D system (5), by
solving matrix (11), one can get the unbiased estimator gain
matrices.

Theorem 1: If and only if (9) holds, estimator (6) is unbiased
estimator for system (5), and the unbiased estimator gain
matrices can be obtained as follows:

X(i+1,j+1)=a+IIb (14)
where
a=®(i+1j+1)E (i+1,j+1),
b=(I-E(i+1j+1)E" (i+1+1)),
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IT is an arbitrary matrix with appropriate dimension.

Proof: Referring to the previous analysis of solvability of
matrix equation (11), the general solution of (11) can be
obtained in (14) . It completes the proof.

Now, the solution of unbiased estimation has been
obtained. To get a further result of the minimum-variance state
and fault estimation, one needs to choose an appropriate IT to
minimize the variance of the estimation error under the
solution of (14).

Theorem 2. Suppose that (9) and (14) hold, the estimator has
unbiased minimum-variance solution, if and only if:

O=0, (i+1j+1)E, (+1j+1)
(15)
+Q(I-E(i+1,j+DE, (i +1,j+1))

holds, Q is
dimension. @,

arbitrary matrix with appropriate
(21) and (22),

an
and E, are defined in

respectively.
The desired estimator gain matrices can be obtained as
follows:

X(i+1,j+1)=a+IIb
O, (i+1j+1)E7(+1,j+1) . (16)
+Q(1-E,(+1,j+DE, (+1,j+1))

According to (10), we rewrite the estimation error as:

Ele(i+1,j+1)}=
E{X(i+1,j+1)3(i+1,j+1)+p(i+1,j+1)}

Proof.
(17)

where
$(i+1,j+1)=

e(i,j+1)-

(1 ]+1)D3(z j+l)v(i,j+1)
e(i+1,j)- D, (

(1+1]) N 1+1,j)v(i+l,j)
-D, (z,]+1)v(l,j+l)
=D, (i+1,/)v(i+1,))

=D, (i+1Lj+1)v(i+L j+1)=CG+1 j+Dg(i+1,j+1)
#(i+1,j+1)=D, (i,j+1)d (i,j+1)+ D, (i+1j)d (i +1j)
Define P(i+1,j+1) as the covariance matrix of the

estimation error, it can be expressed as:
P(i+1,j+1)=F[e(i+1,j+1)e" (i+1,j+1)]
(X(i+1,j+1)9(i+1,j+1)+g(i+1,j+1))*
(X(i+1Lj+1)8(i+1,j+1)+¢ (l+l,j+l))

5212
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X(i+1,j+1)(9(i+1j+1),9(i+1, j+1))*
X(i+1,j+1) +<¢ i+1,j+1), (z+1,j+1)>

.y (18)
+X(i+1,/+1) <3(z+1 Jj+1), (l+1,j+1)>

+<¢(i+1,j+1),9(i+1,j+1)>X(i+1,j+1)T

To obtain the minimum-variance estimator, we need to
derivate the functions of P(i+1,j+1) with respect to

X(i+1,j+1). Based on the theory of matrix derivation, the

derivation of trace (P(i+1, j+1)) with respect to IT can be
obtained:

2X (i+1,j+1)*(9G+1,j+1),9G +1, j+1)) )
+2{p(i+1, j+1),9G +1, j+1))

Let (19) equal 0, we have the following matrix equation:

NE,(+1j+) =@, (i+1,/+1) (20)

where

[1]

qi+1,j+1)=b(3G+1,j+1),9G +1,j+1))b"
= 0

0

=
—1(12)

—
—

TI(11) :‘n(13)

* 1(22)

0
0 |p7
0

T(5s) |

o) =P(i,j+1)+J (i, j+1)

*D, (i, j+1)0(i,j+1)D;" (i, j+1)J"
(2 =(e(i,j+1),e(i+1,7))

nsy == (67 +1) Dy (6, j+1) 0 (i, j+1) D" (i, j +1)
) =P(i+L/)+J(i+1))
*D,(i+1,/)0(i+1,/)D," (i+1,j)J" (i+1,))

—
=

(i,j+1)

1]  [1]

[1]

[I]

—J T(i+1/)

—~

(i+1,7)Q(i+1,7) Ds
i, j+1)0(i, j+1)Dy" (i, j+1)
i+1,7)0(i+1,j)D; (i+1,/)
i+1,j+1)0(i+1,j+1)D, (i+1,j+1)

i+1,])

[I]

3

[I]

3

2n
5) :D3

[1]

/\/-\/—\

+C(i+1,j+1)[ D, (i, j+1)R (i, j+1) D" (i, j+1)+
D, (i+1,j)R(i+1,j)D," (i+1,/)|C" (i+1,j+1)

and



1, fori>25

0,else

1, for j>1

0,else

f(i,o>={ , f(o,j):{

ch(i+1’j+1):_{a(B(H1,j+1),3(i+1,j+1)>}br

+HPA+1,j+1), 9 +1, j+1))

= 0 0 According to the designed estimator in (16), the state and fault

(11 (12 I1(13
" _ " v — estimation results are given in Figs. 1, 2, and 3. Figs. 1 and 2
o Ene) 0 =n(24) 0 show system state estimation, and Fig. 3 presents the fault
— gl * * Epss 0 0 |[pr estimation. In these figures, the left parts are the true values
3 and the right parts are the corresponding estimations.
* * * o Epy 0
* * * * EH ) |

+0 0 0 0 E]p"

D, (i, j+1)R(i, j+1) D (i, j+1)
) +D, (i+1,j)R(i+1,7)D," (i+1,)
*Cl(i+1,j+1)

—
=

s

(22)

By solving matrix (20), we can get the appropriate T as: Fig. 1. System state x,(i, /) and its estimation. Left: true value. Right:
estimation.

N=0, (i+1,j+1)E, (+1j+1)

+Q(I -2, (i+1,j+DE, (i +1,/+1))
Substituting the solution of IT into (14), the unbiased
minimum-variance estimator gain matrices can be deduced in

(16). It completes the proof.

IV. ILLUSTRATIVE EXAMPLE

In this section, some examples are provided to
demonstrate the feasibility and effectiveness of the proposed
observer design method in the previous theorems.

Consider the 2-D FM-II system, where the system Fig. 2. System state x,(i, /) and its estimation. Left: true value. Right:
coefficient matrices and fault vectors are given as follows: estimation.

A ,)_‘—0.1 1
tESZ 0 0.1+ 0.1sinG + )

. ,)__0.1+0.1sin(i+j) 01 i ) = 50
A0 = 0 0.1 ““P=[o 4

1 o Jo oo
Dl(laj): 0 9D2(19]): 0.1 ,D3(Z,])= 0 1

1 1 0

S ))=05fG~1,/)+0.5f(i,j~1) A o A
Fig. 3. System fault f(i,7) and its estimation. Left: true value. Right:
The model noise and measurement noise can be described estimation.

(& CTRFT

te (e |2

as: It can be found that, for the 2-D time-varying systems

w(i, j) ~ N(0,0.1),v(i, j) ~ N(0,0.03). subject to white noise and fault, the proposed estimator
simultaneously products accurate estimation for system state
Consider a time window (0,0)<(i, ) <(50,50) and and fault in the sense of unbiased minimum-variance.

suppose the initial value of fault as:
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